Abstract. In this paper we generalize examples of Hamiltonian stationary Lagrangian submanifolds constructed by Lee and Wang [7] in C m to toric almost Calabi-Yau manifolds. We construct examples of weighted Hamiltonian stationary Lagrangian submanifolds in toric almost Calabi-Yau manifolds and solutions of generalized Lagrangian mean curvature flows starting from these examples. We allow these flows to have some singularities and topological changes.
Introduction
Recently study of Lagrangian submanifolds acquire much importance in association with Mirror Symmetry. There are several classes of Lagrangian submanifolds. For example, special Lagrangian submanifolds are defined in Calabi-Yau manifolds by Harvey and Lawson in [5] and they have an important role in the StromingerYau-Zaslow conjecture [10] . A class of Hamiltonian stationary Lagrangian submanifolds is also defined in Calabi-Yau manifolds, especially a special Lagrangian submanifold is a Hamiltonian stationary Lagrangian submanifold. In general constructing explicit examples of special or Hamiltonian stationary Lagrangian submanifolds is difficult. However some examples are constructed in the case that the ambient Calabi-Yau manifold has symmetries, especially in C m . For example, one of examples of special Lagrangian submanifolds in C m constructed by Harvey where c = (c 1 , . . . , c m ) ∈ R m and note that the phase of M c is i m . We remark that if we put z j = x j e iθj for x j ∈ R then M c is written by { exp(s 2 ζ 2 + · · · + s n ζ m ) · x ∈ C m | x ∈ R m , s j ∈ R, µ(x), ζ j = c j 2 (j = 2, . . . , m)}, where ζ j := (1, 0, . . . , 0, −1, 0, . . . , 0) = e 1 −e j ∈ R m and µ(x) := This is a T 1 -invariant special Lagrangian submanifold in C m . These two examples suggest that a torus action, a real structure and a moment map are useful to construct special Lagrangian submanifolds. From this view point, the author generalized Joyce's example N a1,...,am c in C m to in an m-dimensional toric almost Calabi-Yau cone manifold in [11] . That is, the author constructed examples of special Lagrangian submanifolds of the form { exp(tζ) · p | p ∈ M σ , t ∈ R, µ(p), ζ = c } in almost Calabi-Yau cone manifolds (M, ω, g, J), where M σ is the real form of M , µ is a moment map of T m -action on M , ζ is a vector in R m satisfying a special condition and c is a constant. This is a T 1 -invariant special Lagrangian submanifold in almost Calabi-Yau cone manifolds (M, ω, g, J).
This type of constructions is also effective to construct examples of Hamiltonian stationary Lagrangian submanifolds. Actually in C m Lee and Wang [7] proved that V t defined by is a Hamiltonian stationary Lagrangian submanifold for all ζ ∈ R m and c ∈ R. Furthermore they proved that this family {V t } t∈R is a solutions of Brakke flow. Here Brakke flow is a weak formulation of a mean curvature flow with singularities proposed by Brakke in [3] .
To get a special Lagrangian submanifold in a given Calabi-Yau manifold, a mean curvature flow is one of potential approaches since if a long time solution of a mean curvature flow starting from a fixed Lagrangian submanifold exists and converges to a smooth manifold then it is a minimal Lagrangian submanifold that is a special Lagrangian submanifold. However a mean curvature flow does not have a long time solution in general and it develops singularities. Thus it is meaningful to construct examples of Lagrangian mean curvature flows with singularities to understand the motion of Lagrangian mean curvature flows and to develop this strategy.
In this paper we construct explicit examples of special or weighted Hamiltonian stationary Lagrangian submanifolds in toric almost Calabi-Yau manifolds and construct solutions of generalized Lagrangian mean curvature flows with singularities and topological changes starting from these examples. These examples can be considered as some kind of generalization of examples of Lee and Wang [7] in C m to toric almost Calabi-Yau manifolds. When the ambient space is a general toric almost Calabi-Yau manifold then its topology is not simple and there are many fixed points of torus action hence we can get examples of special or weighted Hamiltonian stationary Lagrangian submanifolds with various topologies and its generalized Lagrangian mean curvature flow develops singularities many times though examples of Lee and Wang in C m develops a singularity once. In this paper we use notions of weighted Hamiltonian stationary and generalized Lagrangian mean curvature flow. These notions are modifications of the ordinary notions of Hamiltonian stationary and Lagrangian mean curvature flow defined in Calabi-Yau manifolds, since we use almost Calabi-Yau manifolds rather than Calabi-Yau manifolds, see Section 4 for precise definitions. We now give a description of the main results of this paper. Let (M, ω, g, J, Ω γ ) be a real 2m-dimensional toric almost Calabi-Yau manifold with torus T m action that is a toric Kähler manifold with a nonvanishing holomorphic (m, 0)-form Ω γ defined by a vector γ in Z m , here γ is canonically determined by the toric structure of (M, J), see Section 4 for the definition of Ω γ . Note that we do not assume that (M, ω, g, J) is Ricci-flat. Since (M, ω, g, J) is a toric Kähler manifold there exist a moment map µ : M → ∆ with a moment polytope ∆ and an anti-holomorphic and anti-symplectic involution σ : M → M , see Section 2 for more precisely settings. We denote the fixed point set of σ by M σ and call it the real form of M . This is a real m-dimensional submanifold in M . Fix an integer n with 0 ≤ n ≤ m. Take a set of n vectors ζ = { ζ 1 , . . . , ζ n } ⊂ Z m and a set of n constants c = { c 1 , . . . , c n } ⊂ R and consider the set
and define a map F ζ,c : L ζ,c → M by The definition of Lagrangian angle is given in Section 4 and the notion of generalized Lagrangian mean curvature flow with singularities and topological changes is defined in Section 5. Roughly speaking, this flow is parametrized by a smooth flow except some m-dimensional Hausdorff measure zero sets.
We note that the example M c of Harvey and Lawson is the case when n = m − 1, and N a1,...,am c of Joyce, V t of Lee and Wang and the previous work of the author in [11] are the case when n = 1. After finishing my work, I learned from H. Konno that the Mironov and Panov [9] constructed examples of T n -invariant Hamiltonian stationary Lagrangian submanifolds in m-dimensional toric varieties for 0 ≤ n ≤ m. First Mironov [8] constructed T n -invariant Hamiltonian stationary or minimal
Lagrangian submanifolds in C m and CP m . These examples can be written as the form (1) in C m . In [9] , they used a Kähler quotient of C m to construct new examples in toric varieties. Our method is different from theirs in that we use the real form and a moment map rather than Kähler quotient to construct examples and furthermore we study motion of generalized Lagrangian mean curvature flows starting from these examples.
Acknowledgements. I would like to thank to Professor Akito Futaki for his comments and I also thank to Professor Hiroshi Konno for letting me know the work of Mironov and Panov. 
For example, if we consider a toric Kähler manifold constructed by removing all fixed points of torus action from some toric Kähler manifold, then its moment polytope has a shape that all vertices are removed from the original polytope and this is not a closed subset.
We assume that there exist κ i in R for i = 1, . . . , d so that the closure of ∆ is given by
Here for a nonzero vector λ in g and κ in R, we define the affine hyperplane H λ,κ and closed half-space
A subset F ⊂ ∆ is called a face of ∆ if and only if there exist a vector v in g and a constant c such that
We denote the set of all faces of ∆ by F . Then there exists a subset G of F such that ∆ is of the form
For a point y in ∆, we define z y a subspace of g by
is in the interior of ∆ then torus action is free at p, and if µ maps p to a vertex of ∆ then p is a fixed point. Since (M, J) is a toric variety, there exists the intrinsic anti-holomorphic involution σ : M → M determined by fan Σ, that is, σ 2 = id and σ * J = −Jσ * , where J is the complex structure on M . This involution satisfies σ(
be the set of fixed points of σ, that is a submanifold of M with real dimension m, we call it the real form of M .
Proposition 2.1. The involution σ : M → M is anti-symplectic, and consequently σ is isometry.
Since ω is T m -invariant and the action of T m is Hamiltonian, there exists a function F ∈ C ∞ (R m ) with the property
where
.) On U , the involution σ coincides with the standard complex conjugate σ(z) = z, where z = (z 1 , . . . , z m ). Since ω is T m -invariant, note that F is independent of the coordinates (y 1 , . . . , y m ). Thus we have σ
Since U is open and dense in M , thus we have σ * ω = −ω on M .
Lagrangian submanifold
Let n be an integer with 0 ≤ n ≤ m. Take a set of n vectors ζ = {ζ i } n i=1 ⊂ g and a set of n constants c = {c i } n i=1 ⊂ R. If n = 0, we take no vectors and no constants. We assume that {ζ i } n i=1 is linearly independent. Then the intersection of n affine hyperplanes H ζi,ci defines a (m − n)-dimensional affine plane. We assume that this affine plane intersects in the interior of ∆, and we define ∆ ζ,c a subset of ∆ by
We call a point y in ∆ a ζ-singular point if and only if V ζ ∩ z y = {0}, and if V ζ ∩ z y = {0} we call y a ζ-regular point. We denote the set of all ζ-singular points and all ζ-regular points in ∆ by ∆ ζsing and ∆ ζreg respectively. Note that ∆ ζreg is open dense in ∆.
For a point p in M , a vector v in g generates a tangent vector at p denoted by
This map g → T p M is a homomorphism. Then it is clear that y is a ζ-regular point if and only if the restricted homomorphism V ζ → T p M is injective for a p in µ −1 (y). For example, vertices of ∆ are always ζ-singular points and interior points are always ζ-regular points. Definition 3.3. We denote the restriction of the moment map on the real form by
We define a subset of M σ as the pull-back of ∆ ζ,c by µ σ by
By a property of the moment map, for all p in M σ ζ,c we have
Since every point in ∆ ζ,c is ζ-regular, the restricted homomorphism
are linearly independent 1-forms on M Z g be the set of all elements y in g such that 2y is in Z g . Then
m is a subgroup of T m considered as all elements t in T m such that t 2 = e identity element. Let V ζ = Span R {ζ 1 , . . . , ζ n } ⊂ g. Now we construct a manifold L ζ,c with real dimension m.
(I) Generic case. For a generic case, let U be an open small ball in V ζ centered at 0 such that U and
(II) Special case. However if the set of vectors ζ = {ζ i } n i=1 satisfies the following special condition we can take L ζ,c as explained below.
Definition 3.5. We say that ζ satisfies the special condition if there exists a set of n vectors v = {v j } n j=1 in V ζ ∩ Z g such that v is a base of V ζ and v is a generator of V ζ ∩ Z g over Z.
If ζ satisfies the special condition, we replace U in case (I) by
Thus the image of F ζ,c written by Proof. In this proof, we write F ζ,c by F for short. It is clear that we only have to prove in the case (I). First we prove that F is an immersion map. Fix a point
where we put t v := exp(v) for short and we identify an element t v in T m with a left transition map
Note that σ * X = X since X is tangent to the real form and
and this means that g(F * X, F * Y ) = 0 and F * (T p M σ ζ,c ) and F * (T v U ) are orthogonal to each other. It is clear that F * restricted on T p M σ ζ,c is injective and F * restricted on T v U is also injective. Thus this means that F * is injective on T x L ζ,c and F is an immersion map.
Next we prove that F is a Lagrangian, that is F * ω = 0. It is easy to see (F * ω)(X 1 , X 2 ) = 0 and (F * ω)(Y 1 , Y 2 ) = 0. We can also prove that (F * ω)(X, Y ) = 0. Actually we have
since we can write Y = a 1 ζ 1 + · · · + a n ζ n for some coefficients a k then µ, Y is a constant a 1 c 1 + · · · + a n c n on M σ ζ,c .
Lagrangian angle
In above sections, the ambient space (M, ω, g, J) is a toric Kähler manifold. From this section, we assume that the canonical line bundle K M of (M, J) is trivial. This condition is equivalent to that there exists a vector γ in Z * g such that γ, λ i = 1 for all i = 1, . . . , d, where λ i is a primitive generator of a 1-dimensional cone of fan Σ of M , see Section 2. In fact, if such a vector γ = (γ 1 , . . . , γ m ) exists, a holomorphic (m, 0)-form
written by logarithmic holomorphic coordinates on an open dense (C * ) m -orbit can be extend over M as a nowhere vanishing holomorphic (m, 0)-form. We call this (M, ω, g, J, Ω γ ) a toric almost Calabi-Yau manifold.
In general an m-dimensional Kähler manifold (M, ω, g, J) with nowhere vanishing holomorphic (m, 0)-form Ω is called an almost Calabi-Yau manifold, and for a Lagrangian immersion F : L → M we can define the Lagrangian angle θ F : L → R/πZ as follows. For x in L, take a local chart (U, (x 1 , . . . , x m )) around x, then F * Ω is a C * -valued m-form on U , so there exists a C * -valued function h U on U such that
on U , and we define the Lagrangian angle θ F : L → R/πZ by
This definition is independent of the choice of local charts. It is clear that if L is oriented we can lift 
and ∇ψ ⊥ is the normal part of the gradient of ψ. By the definition of K, if M is a Calabi-Yau manifold, that is ψ ≡ 0, then the generalized mean curvature vector field K coincides with the mean curvature vector field H. In Proposition 4.8 in [2] , Behrndt proved the relation between K and θ F which is written by
Thus K ≡ 0 is equivalent to that L is a special Lagrangian submanifold.
Furthermore, in this paper, we introduce the notion of weighted Hamiltonian stationary for a Lagrangian immersion F : L → M into an almost Calabi-Yau manifold (M, ω, g, J, Ω) with ψ defined by (7). Here f is a function on L defined by f := −mF * ψ and ∆ f is the weighted Laplacian on Riemannian manifold (L, F * g). In general, for a Riemannian manifold (N, h) with a function f , the weighted Laplacian with respect to f is defined by ∆ f u := ∆u + ∇u, ∇f . Thus if M is a Calabi-Yau manifold, that is ψ = 0, then the notion of weighted Hamiltonian stationary is equivalent to the Hamiltonian stationary condition i.e. ∆θ F = 0. For the meaning of the weighted Hamiltonian stationary condition, See Appendix A. Note that ∆ f is the standard Laplace operator on L with respect to a Riemannian metric F * (e 2ψ g). In this section, we compute the Lagrangian angle of the concrete example 
Proof. In this proof, we write F ζ,c by F for short. It is clear that we only have to prove in the case (I). Let M σ be a real form of M and g be a Lie algebra of T m . We define a mapF : 
Since Ω γ = e
Since L ζ,c = M σ ζ,c × U , and M σ ζ,c is an (m − n)-dimensional submanifold in M σ and U is an n-dimensional submanifold in g, in the expansion of (dx
with ♯I = m − n and ♯J = n do not vanish after pull-back by ι. Thus the argument of
that is 2π γ, v + π 2 n mod π. Then the following corollary is clear. 
It is clear that the real form M
σ , that is the case of n = 0, is always a special Lagrangian submanifold and every torus fiber, that is the case of n = m, is not a special Lagrangian submanifold. Proof. In this proof, we write F ζ,c by F for short. We only have to prove that ∆ f θ = 0 in the case (I) that L ζ,c = M σ ζ,c × U . As noted above, ∆ f is the standard Laplace operator on L with respect to a Riemannian metric F * (e 2ψ g). Since g is invariant under the torus action and it is easily seen that ψ is also torus invariant by the equation (5) and (7), so the metric e 2ψ g is also a torus invariant metric on M . Since F : L ζ,c → M is given by F (p, v) := exp(v) · p and e 2ψ g is a torus invariant metric on M , the metric F * (e 2ψ g) on L is independent of the U -factor of L ζ,c . Furthermore in the proof of Theorem 3.7 we prove that F * (T M σ ζ,c ) and
) is a product metric over M σ ζ,c and U locally. By Theorem 4.2, the Lagrangian angle is given by θ(p, v) = 2π γ, v + π 2 n, it is independent of M σ ζ,c -factor of L ζ,c and affine on U -factor. Then one can easily prove that ∆ f θ = 0.
Mean curvature flow
In this section, we consider generalized Lagrangian mean curvature flows. In general, a generalized Lagrangian mean curvature flow is defined in an almost CalabiYau manifold (M, ω, g, J, Ω). Let F 0 : L → M be a Lagrangian immersion, then a one parameter family of Lagrangian submanifolds F : L × I → M is called a solution of a generalized Lagrangian mean curvature flow with initial condition F 0 if it moves along its generalized Lagrangian mean curvature vector field K defined in (6) , that is,
where K t is the generalized Lagrangian mean curvature vector field of immersion F t : L → M defined by F t (p) := F (p, t). Of course, if M is a Calabi-Yau manifold then a generalized Lagrangian mean curvature flow is an ordinary Lagrangian mean curvature flow. It is clear that on a special Lagrangian submanifold K=0 by the equation (8) thus a special Lagrangian submanifold is a stationary solution of a generalized Lagrangian mean curvature flow. In general a generalized Lagrangian mean curvature flow develops some singularities in a finite time, so here we define a notion of a generalized Lagrangian mean curvature flow with some singularities and topological changes.
Definition 5.1. Let (M, ω, g, J, Ω) be a real 2m-dimensional almost Calabi-Yau manifold and {L t } t∈I be a one parameter family of subsets in M . Then we call {L t } t∈I a solution of a generalized Lagrangian mean curvature flow with singularities and topological changes if there exists a real m-dimensional manifold L and a solution of a generalized Lagrangian mean curvature flow F :
It means that {L t } t∈I is almost parametrized by a smooth solution of a generalized Lagrangian mean curvature flow.
The purpose of this section is to observe how our concrete examples F ζ,c : L ζ,c → M move along the generalized Lagrangian mean curvature flow. Let (M, ω, g, J, Ω γ ) be a toric almost Calabi-Yau manifold and F ζ,c : L ζ,c → M be a Lagrangian submanifold constructed in Section 3 by data ζ = {ζ 1 , . . . , ζ n } ⊂ g and c = {c 1 , . . . , c n } ⊂ R. Let c i (t) := c i − 2π γ, ζ i t for t ∈ R and we denote c(t) := {c 1 (t), . . . , c n (t)}. We define an open interval I by
by the assumption of ζ and c we have 0 ∈ I. Proof. It is sufficient to prove this theorem in the case (I). First we define
This is an (m − n)-dimensional affine submanifold in ∆. In fact, all ∆ Thus we can take a one parameter family of diffeomorphisms
for all t ∈ I and G t induces a one parameter family of diffeomorphisms
It is clear that
where remember that
Since torus action is free on M 
For X, we have
The second equality follows from the torus invariance of ω, and the third equality follows from that both ∂G/∂t and G t * X are tangent to real form and it is a Lagrangian. If we use the equation (8), we have
n by Theorem 4.2 and it is independent of M ′′σ ζ,c part. Thus the equation (11) holds for X. Next for Y, we have
The second equality follows from the assumption of the moment map µ. In the fourth equality we put Y = a 1 ζ 1 + · · · + a n ζ n for some coefficients a i and the fifth equality follows from the definition of M ′′σ ζ,c(t) . In the last equality, remember that c i (t) is defined by c i (t) := c i − 2π γ, ζ i t. If we use the equation (8), we have
Thus the equation (11) 
Examples
In this section we give some examples of our main theorems. First we explain that if the ambient space M is C m then our examples coincide with those constructed by Lee and Wang in [7] . and ∆ ζ,c(t) = { y ∈ ∆ | y, ζ = c(t) }, we have
This L ′ ζ,c(t) coincides with V t in Theorem 1.1 in [7] and Lee and Wang proved that V t is Hamiltonian stationary and {V t } t∈R form an eternal solution for Brakke flow. Hence our theorems can be considered as some kind of generalization of example of Lee and Wang [7] to toric almost Calabi-Yau manifolds. then ∆ ζ,c(t) intersects with F 1 , F 2 , F 3 and F 4 so ∆ ζ,c(t) is a square, when t = 2 5π then ∆ ζ,c(t) across (0, 1, 0) a vertex of ∆ and a topological change happens, when 2 5π < t < 1 2π then ∆ ζ,c(t) intersects with F 1 , F 2 and F 3 so ∆ ζ,c(t) is a triangle, and when t = Appendix A.
In Section 4, we introduce the notion of the weighted Hamiltonian stationary. In this appendix, we explain the meaning of it. Let (M, ω, g, J, Ω) be a 2m-dimensional almost Calabi-Yau manifold with the function ψ defined by (7) where dV F * g is the volume form on L with respect to a metric F * g . Note that the relation between dV F * g and dV F * g is given by dV F * g = e mF * ψ dV F * g = e −f dV F * g .
Then we consider a symplectic manifold (M, ω) with the weighted volume functional Vol ψ . The following proposition is the meaning of the weighted Hamiltonian stationary. If L is non-compact we assume that each h t has a compact support. Then the first variation of Vol ψ at F along {F t : L → M } t is derived by the first variation formula as
Next we remember the definition of the generalized mean curvature vector filed K, see (6) , and use the equation (8) 
In the third equality, we use the another definition of ∆ f u = δ f (du) where δ f is the formal adjoint of d with respect to a weighted measure e −f dV F * g . One can easily show that δ f (du) = ∆u + ∇u, ∇f F * g . Now we can take any h 0 thus it is clear that the first variation of Vol ψ at F along all Hamiltonian deformations is zero if and only if ∆ f θ F = 0.
